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Abstract
Dirichlet boundary conditions have been widely used in general rel-
ativity. They seem at odds with the holographic property of gravity
simply because a boundary configuration can be varying and dynamic
instead of dying out as required by the conditions. In this work we
report what should be a tension between the Dirichlet boundary con-
ditions and quantum gravitational effects, and show that a quantum-
corrected black hole solution of the 1PI action no longer obeys, in the
naive manner one may expect, the Dirichlet boundary conditions im-
posed at the classical level. We attribute the ‘violation’ of the Dirich-
let boundary conditions to a certain mechanism of the information
storage on the boundary.
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1 Introduction
Quantum gravitational effects may hold the key to some of the outstanding
problems in theoretical physics. One of such problems may be the black hole
information paradox [1]. In this work we analyze the perturbative quantum
effects on the boundary and Dirichlet boundary conditions imposed at the
classical level. In particular we observe a tension between Dirichlet boundary
condition and perturbative quantum corrections: for a black hole solution,
the quantum-corrected solution no longer obeys the Dirichlet-type bound-
ary condition in a naively expected manner. A certain mechanism of the
information storage on the boundary seems responsible for the phenomenon
invloved.
The study of the boundary degrees of freedom has a long history (see [2–5]
to name just a few works). More recently there has been an interesting
development in the context of loop quantum gravity [6, 7] wherein a new
possibility regarding the boundary dynamics has been explored in a manner
more concrete than ever: instead of subtracting out the boundary terms
(arising from the bulk variation) by the Gibbons-Hawking term, one adds an
additional boundary term in such a way to preserve the gauge symmetry of
the bulk and boundary terms altogether.1 An explicit identification of the
boundary dynamics has been made. In the present work, we will employ
the conventional approach of subtracting the boundary term but will further
comment on this new development.
The idea of the violation of the classical-level Dirichlet boundary condition
pursued in the present work is rather simple and can be illustrated with a
time- and position- dependent solution that satisfies the Dirichlet boundary
conditions at the classical level but receives quantum corrections that do
not necessarily preserve the condition. As we will explicitly demonstrate
by taking a 4D gravity-scalar system with a negative cosmological constant,
some of the surface terms arising from varying quantum correction terms
would, unless subtracted out, lead to violation of the Dirichlet condition
imposed on a classical black hole solution.
Although we believe that the phenomenon occurs generically, an explicit
demonstration is highly technically complicated for several reasons. Firstly,
1It was stated that inclusion of all of the possible boundary conditions is necessary for
the complete Hilbert space. This seems to be in line with the AdS/CFT, and the present
work shares the spirit.
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the demonstration requires consideration of a time- and position- dependent
background. In general, finding such a solution is a complicated problem
even at the classical level and we will rely on a series form of the solution.
Secondly, it is also necessary to compute the 1PI effective action in order
to obtain the quantum-corrected equations of motion. For a simple back-
ground, one may manage to compute the 1PI action after the classical action
is expanded around the background under consideration. This procedure
becomes extremely complicated when the background is time- and position-
dependent. It would be nontrivial to obtain even the Green’s function, let
alone the 1PI action.
Because these complications are cumbersome and inessential for observing
the potential violation of the Dirichlet boundary condition, we take several
simplifying steps. They are inessential because what we focus on are the
finite pieces contained within the divergences. The divergent parts are com-
mon to any background since they are expected to arise from a flat limit. To
compute the 1PI action perturbatively it would be more appropriate to ex-
pand the action around the background of interest2 and obtain the Green’s
function and 1PI action associated with that background. However, since
this task is simply too complicated one may take a simpler but legitimate
step: one may consider the vacuum, i.e., an AdS spacetime, expand the
classical action around it and work out the 1PI action. Expanding around
the AdS background cannot, in general, be entirely justified as a step to
obtain the perturbative 1PI action (including the finite parts of the loop dia-
grams) from which the quantum effects on the boundary of another solution
(namely, the time- and position- dependent solution) is studied. However,
because we seek after the finite parts contained within the divergences ul-
timately, we can consider the AdS spacetime (and its flat space limit since
the divergences must come from the flat limit). Therefore, the present pro-
cedure serves the purpose of revealing the quantum gravitational effects on
the boundary condition. Throughout, we adopt the conventional framework
(other than employing the traceless propagator [8–10]) and limit the loop
analysis to one-loop in dimensional regularization.
2It would not matter if all of the nonperturbative contributions could be included as
well. Within the perturbative calculation and for more complete results including the
genuinely finite parts (not just the finite piece contained in the divergent terms), however,
the proper way should be to expand around the actual background under consideration.
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2 Review
We begin by reviewing the Dirichlet boundary condition and the time-dependent
black hole solution [11]. In section 3 we study how they are modified by the
quantum effects.
2.1 classical boundary condition
As well known, the variation of the Einstein-Hilbert term yields the following
boundary terms:∫
d4x
√−g ∇α
[
∇βδgαβ −∇α(gκ1κ2δgκ1κ2)
]
(1)
Since the structure of these terms is such that the variations are acted on
by covariant derivatives one cannot impose the Dirichlet condition. For this
reason one adds an extra term of the trace of the second fundamental form -
often called the Gibbons-Hawking term [12] (see [13, 14] for reviews; discus-
sions on the Dirichlet boundary conditions can also be found, e.g., in [15–21])
- in the starting action so that the variation of the extra term exactly can-
cels the boundary terms above. It is then possible to impose the Dirichlet
boundary condition. It would not be necessary to add the extra term and
impose the Dirichlet boundary condition if the boundary term above could be
made to vanish by itself through a different (say, Neumann-type) boundary
condition. With the Gibbons-Hawking term added, the Dirichlet boundary
condition is self-consistent at the classical level.
2.2 classical time-dependent black hole solution
The system we consider is the following gravity-scalar system:
S =
∫
d3x
√−g
[
1
κ2
(
R +
6
L2
)
− 1
2
(∂µζ)
2 − 1
2
m2ζ2
]
(2)
where m2 = − 2
L2
. We set the radius L = 1 in some places and 6
L2
= −2Λ
later. (Λ denotes the cosmological constant.) Consider the following metric
ansatz [11]:
ds2 = − 1
z2
[
F (t, z)dt2 + 2dt dz
]
+ Φ(t, z)2(dx2 + dy2)
ζ = ζ(t, z)
4
with
F (t, z) = F0(t) + F1(t)z + F2(t)z
2 + F3(t)z
3 + ...
Φ(t, z) =
1
z
+ Φ0(t) + Φ1(t)z + Φ2(t)z
2 + Φ3(t)z
3 + ...
ζ(t, z) = ζ0(t) + ζ1(t)z + ζ2(t)z
2 + ζ3(t)z
3 + ... (3)
Substituting these ansatze into the field equations one gets:
ζ0 = Φ0 = F1 = 0, F0 = 1, Φ1 = −1
8
ζ21 , F2 = −
1
4
ζ21 , Φ2 = −
1
6
ζ1ζ2
ζ3 =
1
2
(
1
2
ζ1
2ζ1 + 2ζ˙2
)
, Φ3 =
1
96
[
− 11
4
ζ1
4 − 8ζ22 − 12ζ1ζ˙2
]
, F˙3 = −1
2
ζ1ζ˙2 +
1
2
ζ1ζ¨2
(4)
Note that the conditions
ζ0 = 0, Φ0 = 0, F0 = 1 (5)
reflect the Dirichlet boundary conditions.
3 ‘Violation’ of Dirichlet boundary condition
To obtain the quantum-corrected field equations, one should first compute
the relevant one-loop diagrams and obtain the one-loop 1PI action. One can
then obtain the quantum corrected field equations from the 1PI action in the
standard manner.
We focus on the divergent parts associated with the gamma function Γ(ε)
where ε denotes ε = 2− D
2
. The gamma function Γ(ε) can be expanded
Γ(ε) =
1
ε
− γ + · · · (6)
where γ denotes the Euler constant. Although renormalization removes di-
vergences, the remaining finite terms remain undermined until one imposes
further conditions: they get fixed by a renormalization scheme. Our focus
will be these finite terms. The minimal subtraction (MS) scheme removes
only the 1
ε
term. The modified MS scheme MS is popular in dimensional
regularization and it removes the 1
ε
term with additional finite parts (such
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as γ and log 4pi). More generally one can employ, as we will, the generalized
MS and keep the finite parts unspecified.
Let us shift the metric and scalar according to [9]
gµν ≡ hµν + g˜Bµν where g˜Bµν ≡ ϕBµν + g0µν (7)
and
ζ → ζB + ζ (8)
where g0µν denotes the classical solution (which will be taken to be a flat
spacetime for the divergence analysis) and the fields with the subscript ‘B’
denote the background fields. As far as the graviton external legs are con-
cerned we limit the analysis to the diagrams with up to (and including) two
legs. The relevant diagrams are as follows:
pure gravity sector
There are two diagrams with two external graviton legs at one-loop:
ϕBϕB
(a) graviton loop
ϕBϕB
(b) ghost loop
Figure 1 gravity sector
scalar-involving sectors
There are three diagrams with two external graviton legs, one of which is
∂ζ
∂ζ
ζ
ζ
ϕBϕB
Figure 2: scalar loop
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The other two diagrams are the ones with (ζ, ∂ζ) lines are replaced by the
(ζ, ζ) lines and (∂ζ, ∂ζ) lines, respectively. The diagrams with both the scalar
and graviton lines are also relevant:
∂ζB
∂ζB
g˜B
(a)
ζB
ζB
g˜B
(b)
Figure 3: diagrams with both the scalar and graviton lines
The detailed computation of these diagrams will be given in [22]. With the
divergence analysis one can show that the one-loop 1PI action takes3:
Γ =
1
κ2
∫
d4x
√−g
[
R +
6
L2
+ e1κ
4Rζ2 + e2κ
2R2 + e3κ
2RµνR
µν + · · ·
]
−
∫
d4x
√−g
[1
2
(∂µζ)
2 +
1
2
m2ζ2
]
(11)
The coefficients e1, e2, e3 are finite and depend on the renormalization scheme
to be employed. Note that the terms ζ2R,R2 and RµνR
µν have been inserted
as the counterterms unlike the higher derivative approach [25] or effective field
theory approach [26] where these terms are present already at the classical
3As will be shown in [22], the above diagram can be absorbed by the following field
redefinition,
gµν → gµν + κ2
[
l0gµν + l1gµνR+ l2Rµν + l3gµν(∂ζ)
2 + l4∂µζ∂νζ + l5gµνζ
2
+κ2
(
l6R∂µζ∂νζ + l7Rµν(∂ζ)
2 + l8Rµνζ
2 + l9gµνR(∂ζ)
2
+l10gµνR
αβ∂αζ∂βζ + l11R
α
µν
β∂αζ∂βζ + l12gµνRζ
2
)
+ · · ·
]
(9)
with
l3 = l4 = l5 = 0, l2 = −e3, l1 = (1
2
e3 + e2) (10)
to the leading order in κ2and thereby the action can be made one-loop renormalizable.
Other constraints will appear as one considers higher orders of κ2. The violation of the
Dirichlet boundary condition is also hinted at by this redefinition: if one substitutes the
classical solution (3) with (4) into the right-hand side of (9), the time-dependent terms
without any z-factor appear. More details will be presented in [22].
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level. (In other words, the coefficients e’s contain ~ and they are the dif-
ferences between the divergences and counterterms taken according to one’s
renormalization scheme.) The quantum-corrected metric and scalar field
equations are
Rµν − 1
2
Rgµν − 3
L2
gµν − 1
2
gµνκ
2
(
− 1
2
(∂µζ)
2 − 1
2
m2ζ2 + e1κ
2Rζ2 − 2e1κ2∇2ζ2
+e2R
2 − 4e2∇2R + e3RαβRαβ − e3∇2R
)
+κ2
(
− 1
2
∂µζ∂νζ + e1κ
2Rµνζ
2 − e1κ2∇µ∇νζ2 + 2e2RRµν − 2e2∇µ∇νR
−2e3Rκ1µνκ2Rκ1κ2 − e3∇µ∇νR + e3∇2Rµν
)
= 0 (12)
∇2ζ −m2ζ + 2e1κ2Rζ = 0 (13)
Strictly speaking, one must deal with the boundary terms analogous to the
Gibbons-Hawking boundary term. In other words, the generalized Gibbons-
Hawking boundary terms will be needed. As a matter of fact, such term have
been analyzed in the literature [27, 28]. We will have more on this below.
Let us write down the ansatz as a sum of the classical part plus the corre-
sponding quantum corrections:
F (t, z) = 1 + F1(t)z + F2(t)z
2 + F3(t)z
3 + ...
+ (F h0 (t) + F
h
1 (t)z + F
h
2 (t)z
2 + F h3 (t)z
3 + ...)
Φ(t, z) =
1
z
+ Φ0(t) + Φ1(t)z + Φ2(t)z
2 + Φ3(t)z
3 + ...
+ (
Φh−1(t)
z
+ Φh0(t) + Φ
h
1(t)z + Φ
h
2(t)z
2 + Φh3(t)z
3 + ...)
ζ(t, z) = ζ0(t) + ζ1(t)z + ζ2(t)z
2 + ζ3(t)z
3 + ...
+ (ζh0 (t) + ζ
h
1 (t)z + ζ
h
2 (t)z
2 + ζh3 (t)z
3 + ...) (14)
As in [11] one may first explore the case of Φ0(t) = 0 with the similar condi-
tion for its quantum counterpart:
Φ0(t) = 0 , Φ
h
0(t) = 0 (15)
Although it was stated in [11] that Φ0(t) = 0 is a gauge condition, we view
it as a choice consistent with the Dirichlet boundary condition. The classical
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part of the analysis reproduces (4). Interestingly, however, the quantum
dynamics constrains the ζ1, ζ2 so that it turns out that
4
ζ1(t) = 0 , ζ2(t) = 0 (16)
With these, the classical part of the metric becomes just that of AdS space-
time.5 For the quantum modes one gets6
ζh0 = 0, F
h
0 = 0, Φ
h
1 = 0, F
h
1 = −2Φ˙h−1, Φh2 = 0, F h2 = 0, ζh3 = ζ˙h2
(17)
The presence of the modes Φh−1 implies that the quantum-corrected solution
no longer satisfies the Dirichlet condition. (As we will analyze below it can
neither be interpreted as a Neumann-type boundary condition.) For one
thing, the presence of such modes implies that there may be solutions with
a variety of boundary conditions different from the Dirichlet. It also reflects
the nontrivial dynamics on the boundary and the information therein stored
since the bulk modes depend on it.
Let us explore the case in which we do not impose (15):
Φ0(t) 6= 0 , Φh0(t) 6= 0 (18)
Even with these, (16) is not avoided, and the following relations result:
F0 = 1, ζ0 = 0, Φ1= 0, F1 = 2Φ0
Φ2 = 0, F2=
1
4
(
4Φ0
2 − 8Φ˙0
)
F˙3 = 0, ζ3 = 0, Φ3 = 0, F4 = −F3Φ0 (19)
and
ζh0 = 0, F
h
0 = 0, Φ
h
1 = 0, F
h
1 = 2
(
−Φ0(t)Φh−1 − Φ˙h−1 + Φh0
)
,
Φh2 = 0, F
h
2 = −2
(
− Φh−1Φ˙0 + Φ20Φh−1 − Φ0Φh0 + Φ˙h0
)
,
ζh3 = Φ0ζ˙
h
1 + ζ
h
1 Φ˙0 − ζh1 Φ20 − 2ζh2 Φ0 + ζ˙h2 , F˙ h3 = −3F3Φ˙h−1, Φh3 = 0
(20)
4This feature is also true for the complex scalar case.
5This is intriguing: the classical black hole solution is not sustained. We will have more
in the conclusion.
6These and some of the results below were obtained with help of the Mathematica
package ‘diffgeo.m.’
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Note that the modes ζh1 and ζ
h
2 are not constrained.
The fact that the presence of the terms such as Φh−1(t) cannot be inter-
preted as a Neumann boundary condition can be seen as follows.7 Suppose
one does not add the Gibbons-Hawking term. In this case one should check
whether or not the boundary terms (1) vanish by a (non-Dirichlet) boundary
condition. The second term in (1) is the trace piece and therefore can be set
apart [10]; let us focus on∫
d4x
√−g ∇α∇β δgαβ (21)
Since the boundary is specified by a value of the z-coordinate, the expression
(21) yields ∫
d3y
√−g ∇β δgzβ (22)
As will be presented in detail in [22] the presence of the factor
√−g ∼ 1
z4
overpowers the other factors and the expression above cannot be made to
vanish by itself (say, by a would-be Neumann-type boundary condition). In
other words, it should be removed by the Gibbons-Hawking term. However,
the Dirichlet boundary condition is not, as shown above, respected by the
quantum corrections. The boundary dynamics must be coupled to the bulk
in a nontrivial way and has more contents than can be handled simply by a
Neumann-type boundary condition.
4 Conclusion
In this work we have studied quantum gravitational effects on the bound-
ary and boundary conditions and shown that the quantum effects ’violate’
7To be complete, all of the surface terms arising from the quantum correction terms
in (12) must be examined as well. Those terms would be cancelled by the generalized
boundary terms in the extension of the standard practice. As previously pointed out,
such analyses have been conducted and can be found in [27,28]. In this work we limit the
analysis to the Einstein-Hilbert term for technical simplicity; we do not expect that the
generalized Gibbons-Hawking terms will change the qualitative conclusion of the present
analysis. The fact that more and more boundary terms would have to be subtracted out
in order to maintain the Dirichlet boundary condition and that there may be a variety of
other possible boundary conditions seems to point towards the full boundary dynamics on
its own, which is in the same spirit, e.g., as with AdS/CFT and [6,7].
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the Dirichlet boundary condition imposed at the classical level black hole
solution. With the observation that the classical boundary term cannot be
removed by, say, a Neumann-type boundary condition, this has led us to con-
clude that the boundary has the full dynamics of its own that are coupled to
the bulk, which is consistent with the AdS/CFT type dualities. The quantum
effects in the bulk leave their footprints on the boundary: with the quantum
effects the boundary terms become relevant and store the information on the
bulk. Narrowing down to the Dirichlet boundary condition and excluding
all the other possible boundary conditions may be behind the information
loss puzzle, which seems in line with the view expressed in [6, 7]. The re-
sult of the present work support the anticipation in [24] that the information
storage mechanism should be of the teleological character because the time-
dependence of the bulk and boundary modes are determined simultaneously.
A field redefinition similar to that of the present work is also needed in the
quantization scheme recently proposed in [23] (and refs therein), and will
have the same interpretation as in the present work.
One of the future directions is to understand the intriguing feature of our
results: the classical black hole solution is not sustained at the quantum level
in the manner naively expected. Presumably it reflects the instability of a
black hole against the Hawking radiation.
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